Abstract. We investigate a new class of implicit-explicit singly diagonally implicit Runge-Kutta methods for ordinary differential equations with both nonstiff and stiff components. The approach is based on extrapolation of the stage values at the current step by stage values in the previous step. This approach was first proposed by the authors in context of implicit-explicit general linear methods.
Introduction
The discretization in space of time-dependent advection-diffusion-reaction equations leads to large systems of ordinary differential equations (ODEs) of the form y ′ (t) = f y(t) + g y(t) , t ∈ [t 0 , T ],
where f (y) represents the non-stiff processes, obtained by discretization of advection terms, and g(y) represents stiff processes, obtained by discretization of diffusion or chemical reaction terms. For such systems it is, in general, not practical to apply the same integration formula to the different parts of the system, and the better approach is to treat non-stiff parts by explicit method and stiff parts by implicit formula. To formulate this approach consider first the class of singly diagonally-implicit Runge-Kutta (SDIRK) methods defined on the uniform grid t n = t 0 + nh, n = 0, 1, . . . , N , N h = T − t 0 , by
) , i = 1, 2, . . . , s, is an approximation to y(t n + c i h) and y n is an approximation of order p to y(t n ). Similarly as in [10] we propose to handle the non-stiff terms f (Y Substituting (3) into (2) and proceeding as in [10] , i.e., changing the order of summation in the resulting double sums and interchanging the indices j and k, we obtain a class of so-called Observe that (4) is a two-step method which requires a starting procedure to compute Y 
where p is the order of the SDIRK formula (2) , and it is assumed that the solution y(t) to (1) is also defined on the initial interval [t 0 − h, t 0 ]. Putting
. . .
. . . = y n e + ha 0 f (y n−1 ) + hĀf (Y [n] ) Observe thatā
.
Observe also that the coefficient matrix A * is strictly lower triangular, and that
The computational kernel of our method consists of the solution of s non linear systems of dimension d, which is simplified by the assumption a ii = λ, for all i = 1, ..., s. This is the same computational cost as the IMEX RK methods proposed by Ascher et al. [1] . As a matter of fact our method, written as in (4) has the same form of the method proposed in [1] . We underline that our method has uncoupled order conditions, as we will show in the following, while the previous one has coupled order conditions, and this aspect reduces the degree of freedom in the search for optimal methods.
Assuming that g(y) = 0 in (1), the formula (6) reduces to the explicit twostep method
n = 0, 1, . . . , N − 1. These methods, which depend on stage values on two consecutive steps, are somewhat more general than two-step Runge-Kutta (TSRK) methods, which were introduced in [18] and further investigated in [2, 3, 19, 20, 22, 23, 24] and the monograph [17] . They can be represented as general linear methods (GLMs) of the form 
n = 0, 1, . . . , N − 1, where 0 stands for zero matrix of dimension s × s or zero column vector of dimension s. Representations of TSRK methods are discussed in [17, 18, 25] . The paper is organized as follows. Section 2 is devoted to the convergence analysis of IMEX extrapolated methods. In Section 3 the study of the linear stability of the proposed methods is illustrated. In Section 4 we construct IMEX SDRK methods with optimal stability properties, up to order four. In Section 5 we present the results of numerical experiments which confirm the expected order of the IMEX schemes constructed in this paper. Last section contains some concluding remarks.
Order conditions for extrapolated IMEX SDIRK methods
We will demonstrate in this section that the IMEX scheme (4) corresponding to SDIRK method (2) of order p and extrapolation formula (3) of order p is convergent with the same order p. We recall that the method (2) is said to have order p if for sufficiently smooth problems (1) we have
as h → 0, where y(t) is the solution to (1) and y 1 is a numerical approximation to y(t 0 + h) computed by the formula (2) corresponding to n = 0, compare [14] . The extrapolation formula (3) is said to have order p if for sufficiently smooth functions f (y(t)) we have
We first construct high order function extrapolation formulas.
Construction of high order function extrapolation formulas
We first build the explicit Runge Kutta method with s + j + 1 stages
where the weights b (j) are used for solution extrapolation, and the weights d 
Note that if the first stage of the SDIRK method is explicit then we fix µ j,0 = α j,0 = 0. Similarly, if the SDIRK method is stiffly accurate we fix ν j,0 = β j,0 = 0.
To construct high order function extrapolation formulas we make use of Sseries [13] . Let φ be a smooth scalar function. An S-series is a formal expansion of the form S (a, hφ, hf, y) = 
Here F (t)(y) are the elementary differentials associated with the solution of the original ODE. Here t ∈ T and T is the set of labelled Butcher trees [14] . The tree densities are denoted by γ(t).
The essential property of S-series is that they allow to expand the function φ applied to a regular B-series [13] h φ (B(a, hf, y)) = S (a ′ , hφ, hf, y)
where
We seek to build extrapolation formulas for the smooth scalar function φ using its values at the stage vectors φ(Y
The φ function applied to the exact solution is represented as the following S-series
where e represents the B-series of the exact solution
The coefficients of the B-series e j and its derivative e ′ j are given in Table 1 for trees up to order 4.
Recall the extended Runge Kutta method (2) . We have the following B-series for the stage vectors Y
where Φ are the B-series used in the traditional analysis of Runge Kutta schemes [14, 
The coefficients of the series Ψ Table  2 for trees up to order 4.
We are now ready to state the extrapolation order conditions result. 
(for any j = 1, 2, . . . , s) has order p
if and only if the following order conditions are fulfilled:
Proof. From (4) the extrapolation (5) has the following S-series:
The proof is based on matching the S-series coefficients of the extrapolation formula to those of the exact solution (3) for all trees of order up to p.
Using the series coefficients given in Tables 1 and 2 we obtain the following function extrapolation order conditions (6) for up to order 4:
Here (·) represents matricial multiplication, and (⊙) component-wise multiplication. Vector powers are taken component-wise.
Tree Children Tree Children Ψ 
Construction of high order solution extrapolation formulas
We now consider the solution extrapolation formula:
We have the following.
Theorem 2.2. (Order conditions for solution extrapolation)
The solution extrapolation (7) has order p
if and only if the following order conditions hold:
Proof. The result follows directly from the Runge Kutta order conditions theory.
Using the series coefficients from Table 1 one obtains the following order conditions for solution extrapolation (8) , for up to order 4:
Consider the SDIRK method (2) together with the solution extrapolation formula (7) where the previous step solution approximations (7) 
Convergence of IMEX SDIRK schemes
Theorem 2.3. Assume that the SDIRK method (2) has order p and that the extrapolation formula (3) has order p. Then the IMEX SDIRK scheme (4) is convergent with the same order p, i.e.,
as h → 0, where y 1 is a numerical approximation to y(t 0 + h) computed by the formula (4) corresponding to n = 0.
j , y(t 0 ) for y 0 , and y(t 0 + h) for y 1 in the formula (4) corresponding to n = 0 we obtain
where hd(t 0 + c i h) are local discretization errors of the stage values Y [1] i , and h d(t 1 ) is local discretization error of the approximation y 1 to y(t 1 ) which propagates to the next step. Using the formulas forā ij , a * ij ,b j , and b * j , and then interchanging the indices j and k, and changing the order of summation in the resulting double sums we obtain
Using the relation (1) this leads to
Substituting y(t 0 + c i h) for Y [1] i , y(t 0 ) for y 0 , and y(t 1 ) for y 1 in (2) with n = 0 we have also
where hd RK (t 0 + c i h) are local discretization errors of the stage values Y [1] i , and h d RK (t 1 ) is local discretization error of the approximation y 1 to y(t 1 ) computed by the method (2). Comparing (10) and (11) it follows that
These relations imply that the Taylor series for the exact solution y(t 0 + h) and numerical solution y 1 defined by IMEX scheme (4) coincide up to the terms of order p as they do for the underlying Runge-Kutta method (2), i.e.,
as h → 0. This completes the proof.
Linear stability analysis
In this section we will investigate the stability properties of IMEX SDIRK methods (4) with respect to the scalar complex test equation
where λ 0 , λ 1 ∈ C. Stability with respect to this test equation generalizes the concept of absolute stability to systems of equations which are the sum of nonstiff λ 0 y(t) and stiff λ 1 y(t) parts. Stability properties of some classes of IMEX methods with respect to (1) were examined in [10, 16, 21, 26, 27] .
Applying (6) to (1) and putting z i = hλ i , i = 0, 1, we obtain the vector recurrence relations
, n = 0, 1, . . . , N − 1. This is equivalent to the implicit matrix recurrence relation 
where the stability matrix M(z 0 , z 1 ) is defined by
We define also the stability function of the IMEX SDIRK method (4) as a characteristic polynomial of the stability matrix M(z 0 , z 1 ), i.e.,
Putting z 0 = 0 the stability matrix reduces to
and it follows that the stability function takes the form
is the stability function of the underlying SDIRK method (2) . Putting z 1 = 0 the stability matrix takes the form
0 . It can be verified that this corresponds to the stability matrix
of the explicit method (8) with
We say that the IMEX GLM (1) is stable for given z 0 , z 1 ∈ C if all the roots w i (z 0 , z 1 ), i = 1, 2, . . . , s + 2, of the stability function p(w, z 0 , z 1 ) are inside of the unit circle. In this paper we will be mainly interested in IMEX SDIRK schemes which are A(α)-or A-stable with respect to the implicit part z 1 ∈ C. To investigate such methods we consider, similarly as in [10, 16, 26] , the sets S α = z 0 ∈ C : the IMEX SDIRK method is stable for any z 1 ∈ A α , where the set A α ⊂ C is defined by A α = z ∈ C : Re(z) < 0 and Im(z) ≤ tan(α) Re(z) .
It follows from the maximum principle that S α has a simpler representation given by S α = z 0 ∈ C : the IMEX SDIRK method is stable for any
As in [10] , for fixed values of y ∈ R we define also the sets S α,y = z 0 ∈ C : the IMEX SDIRK method is stable for fixed
Observe that
Observe also that the region S α,0 is independent of α, and corresponds to the region of absolute stability of the explicit method (8) . This region will be denoted by S E . We have
and we will look for IMEX SDIRK schemes for which the stability region S α contains a large part of the stability region S E of the explicit method (8). We will start our search for such IMEX SDIRK schemes with the explicit formulas (8) with sufficiently large regions of absolute stability S E .
The boundary ∂S α,y of the region S α,y can be determined by the boundary locus method which computes the locus of the curve
where k is a positive integer. In [10] we have also developed an algorithm to compute the boundary ∂S α of the stability region S α of the IMEX GLMs. This algorithm, which is applicable to the methods considered in this paper, will be used in Section 4 to determine stability regions S α for IMEX SDIRK schemes (4) up to the order p = 4.
Construction of highly stable IMEX schemes
In this section we will describe a search for IMEX SDIRK schemes with large regions of absolute stability of the explicit part of the method, assuming that the implicit part of the scheme, corresponding to z 1 ∈ C, is A(α)-or A-stable.
We would like to find methods which are A-stable with respect to the implicit part, but especially for higher order methods, we relax this condition to the A(α)-stability in order to find larger stability regions for the explicit part. This search is based on maximizing the area of the region of absolute stability S α for fixed α ∈ (0, π/2]. This area A(S α ) can be computed by integration in polar coordinates and is given by
where r(θ) is the ray from the point z 0 = 0 to the boundary ∂S α of S α , and θ is the angle between this ray and the negative real axis. This integral can be approximate by composite trapezoidal rule, and the ray r(θ) can be computed by the bisection method applied to the function p w, −r(θ) cos(θ) + ir(θ) sin(θ), −|y|/ tan(α) + iy = 0, with |w| = 1 and appropriate value of y, which corresponds to the point on the boundary ∂S α . We refer the reader to [10] for a more detailed description of this process. Some techniques have been suitably adapted from the techniques used for the construction of Nordsieck methods with quadratic stability [4, 5, 8, 9] . Using this procedure, we found methods with relatively large stability regions S π/2 as compared to other IMEX methods from the literature. These methods are suitable to efficiently solve ODEs with a stiff and a non-stiff part, since they have no restrictions on the stepsize as regards the stiff part and have acceptable restrictions on the stepsize as regards the non-stiff part.
IMEX SDIRK methods with p = s = 1
The SDIRK method with p = s = 1 is the implicit θ-method 
n = 1, 2, . . . , N − 1, which does not depend on f (y n−1 ) and f (y n ). Substituting (3) into (2) we obtain IMEX θ-method
n = 1, 2, . . . , N − 1. These methods were already analyzed in [10] and in what follows we summarize briefly the results from this paper. Let S E = S E (θ) be the stability region of the explicit method corresponding to g(y) = 0 in (3), and S α = S α (θ) be the stability region of the IMEX scheme (3), assuming that the implicit part of the method is A(α)-stable. Then
and S π/2 (1/2) is empty. These relations are illustrated on Fig 1, where we have plotted stability regions S E (θ) of explicit methods (dashed lines), and stability regions S π/2 (θ) of IMEX schemes (solid lines) for θ = 1/2, 2/3, 3/4, and 1.
IMEX SDIRK methods with p = s = 2
SDIRK methods with s = p = 2 have the coefficients
The stability function of the methods (4) does not depend on c 2 and has the form R(z) = P (z)/Q(z), with
It can be verified that this method is A-stable for λ ≥ 1/4 and L-stable for λ = (2 ± √ 2)/2, see [6] . 
Solving the system (5) with respect to α 11 , α 12 , α 21 and α 22 leads to the coefficient matrices α and β of the form
where β 21 is a free parameter. The stability polynomial p(w, z 0 , z 1 ) of the corresponding IMEX SDIRK method takes the form
with the coefficients p 2 (z 0 , z 1 ), p 1 (z 0 , z 1 ), and p 0 (z 0 , z 1 ) which are polynomials of degree less than or equal to two with respect to z 0 and z 1 . These coefficients depend also on c 2 , λ, and β 21 . We will investigate first stability properties of IMEX schemes corresponding to c 2 = 1, where the underlying SDIRK method is L-stable. We will choose λ = (2 − √ 2)/2 since this leads to larger regions of S E and S π/2 than those corresponding to λ = (2 + √ 2)/2. We have plotted in Fig. 2 the area of the stability region S E = S E (β 21 ) of the explicit method (corresponding to z 1 = 0) and the area of the stability region S π/2 = S π/2 (β 21 ) of the IMEX scheme for β 21 ∈ [0, 8]. It can be verified that the explicit formula attains the maximal area of S E , approximately equal to 8.83, for β 21 ≈ 2.54, and the IMEX scheme attains the maximal area of S π/2 , approximately equal to 7.20, for β 21 ≈ 2.61. On Fig. 3 we have plotted stability regions S π/2,y for y = −2.0, −1.8, . . . , 2.0 (thin lines), stability region S π/2 (shaded region), and stability region S E (thick line), corresponding to c 2 = 1, λ = (2 − √ 2)/2, and β 21 ≈ 2.61. We can see that S π/2 contains a significant part of S E .
We have also displayed on Fig. 4 the contour plots of the area of the stability region S π/2 of the IMEX SDIRK schemes corresponding to c 2 = 1, λ ∈ [0.25, 0.35], and β 21 ∈ [1, 5] . This area attains its maximum value approximately equal to 7.55 for λ ≈ 0.30 and β 21 ≈ 2.48. This point is marked by the symbol '×' on Fig. 4. On Fig. 5 we have plotted stability regions S π/2,y for y = −2.0, −1.8, . . . , 2.0 (think lines), stability region S π/2 (shaded region), and stability region S E (thick line), corresponding to c 2 = 1, λ ≈ 0.30, and β 21 ≈ 2.48. We can see again that S π/2 contains a significant part of S E . We can see also that the interval of absolute stability is somewhat smaller than the interval of absolute stability corresponding to c 2 = 1, λ = (2 − √ 2)/2, and β 21 ≈ 2.61.
IMEX SDIRK methods with
with
The stability function of methods (6) does not depend on the abscissas c 2 and c 3 , and takes the form R(z) = P (z)/Q(z), with
06790213], and L-stable for λ ≈ 0.4358665215, which is one of the roots of the polynomial ϕ(λ) = 6λ 3 − 18λ 2 + 9λ − 1 [15] . The stability function of IMEX SDIRK methods takes the form
where p i (z 0 , z 1 ), i = 0, 1, 2, 3, are polynomials of degree less than or equal to three with respect to z 0 and z 1 . These coefficients depend also on λ, c 2 , c 3 , β 21 , .
It can be verified that the conditions for the IMEX SDIRK methods of order p = 3 take the form: p = 3, j = 1: We have also performed a similar search trying to maximize directly the area of the stability region S π/2 of the IMEX scheme assuming that the implicit part of the method is A-stable. This corresponds to and it can be verified that this method is A-stable.
The stability function of IMEX SDIRK methods takes the form
where p i (z 0 , z 1 ), i = 0, 1, 2, 3, 4, 5, 6, are polynomials of degree less than or equal to three with respect to z 0 and less than or equal to five with respect to z 1 . These coefficients depend on the free parameters of the method. Solving the conditions for IMEX SDIRK methods of order p = 4 with respect to α 0 , α, β 0 , and the first column of β we obtain a six parameter family of IMEX SDIRK methods depending on β 32 , β 42 , β 43 , β 52 , β 53 , and β 54 .
We performed next a numerical search in this six dimensional parameter space trying to maximize first the area of the stability region S E of the underlying explicit method. This leads to IMEX scheme with coefficients given by Table 4 , for which the area of S E is approximately equal to 2.82. The area of the corresponding IMEX SDIRK method is approximately equal 1.06. We have plotted in Fig. 8 regions S π/2,y for y = −2.0, −1.8, . . . , 2.0 (thin lines), the stability region S π/2 (shaded region) and S E (thick line). We performed a similar numerical search trying to maximize the area of the stability region S π/2 of the IMEX SDIRK method. This leads to the IMEX scheme with coefficients given by Table 5 , for which the area of S π/2 is approximately equal to 1.50. The area of the stability region S E of the corresponding explicit method is approximately equal to 2.47. We have plotted in Fig. 9 regions S π/2,y for y = −2.0, −1.8, . . . , 2.0 (thin lines), the stability region S π/2 (shaded region) and S E (thick line). 
Numerical Experiments
To verify the order of convergence, we have applied the IMEX SDIRK schemes to a standard nonlinear oscillatory test problem, van der Pol equation [14] (in a vector form)
over the integration interval [0, 0.55139]. Initial conditions are chosen to be
and ε = 0.1. Since our objective here is the verification of order, all methods are implemented with fixed step sizes. f (y, z) is treated explicitly while g(y, z) is handled implicitly. We compare the results at the final step against a reference solution, obtained using MATLAB's ode15s routine with very small tolerances rtol = 2.22045 × 10 −14 and atol = 1 × 10 −14 . Starting values are also obtained using ode15s with the same tolerance settings.
In Figure 10 we have plotted the absolute error for the algebraic variable z, against step size h. For notational convenience, we use '(a)' or '(b)' to indicate that the corresponding IMEX SDIRK method has maximal stability region of the explicit part or maximal stability region of the IMEX method respectively. The observed orders match with the theoretical orders of accuracy. Furthermore, methods with maximal stability region of S E give almost the same results with methods with maximal stability region of S π/2 . Table 3 gives the errors and order of accuracy for each IMEX SDIRK(a) method computed by log 2 (e N/2 /e N ) where e N denotes the error in solution when N number of steps is used. Step size h 
